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A result of R. Ree on the number of values a in a field of q elements such 
that the polynomial xn + x + a is irreducible is extended to describe the 
frequency of other forms of factorizations of xn + x + a. The result covers a 
wider class of polynomials introduced by Birch and Swinnerton-Dyer. 
In a recent paper, R. Ree [5] proved a conjecture of S. Chowla [2]. With 
k a finite field of q = p” elements, and N(q) denoting the number of 
elements a in k such that the polynomial xn + x + a is irreducible over k, 
his result if the following: 
THEOREM 1. Assume that n > 2 andp f 2n(n - 1). There is a constant 
B, , depending only on n, such that 
1 iqq) - ; 1 d &cP2. 
The present note extends Ree’s argument to prove a broader result 
conjectured by the author in [4]. We shall suppose a partition Z= of n is 
given, in the shape 
7~: n = 1 . k, + 2 . k, + ..* + n . k, . (1) 
A polynomial of degree n over k is said to belong to T if it has kf irreducible 
factors of degreej, 1 < j < n, when factored over k. Corresponding to rr, 
we define the quantity X, 
A, = lk 2kB 1 . . . nk ; 1 k 1 n 1' 2' 
. . . k,! ' 
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For each partition n of n, let N,(q) denote the number of elements a in k 
such that the polynomial xn + x + a belongs to rr. The result of this note 
can be stated as follows: 
THEOREM 2. Under the hypotheses of Theorem 1, there is a constant C, , 
depending o&y on n, such that 
for each partition rr of n. 
Ree’s argument depends on the density theorem of A. Weil, and it is 
necessary to repeat part of it here. K shall denote the splitting field of the 
polynomialf(x) = x” + x + t over the rational function field kl = k(t), 
and G = G(K/k,) the corresponding Galois group. In case p f 2n(n - 1) 
we know [I] that G = S, . For a in k, let pa denote the place of kl corre- 
sponding to t - a, and let D be the set of those a in k such that pa does 
not ramify in K. For a in D, let C, denote the conjugate class in G of O, 
the Frobenius generator of the decomposition group of p, where p is 
any place of K lying above pa . 
In the case under consideration we have G = S, , and can describe the 
conjugate classes in terms of the partitions 7~ of n. The class C, consists 
of those permutations which, when expressed as a product of disjoint 
cycles, have ki cycles of length j, 1 < j ,< n. By an elementary counting 
argument ([6], p. 67) we have 
IGI -A 
IGI m for each rr. 
Let iV(C,,) denote the number of a in D such that o belongs to C,, . As in[5], 
the density theorem gives, for p 7 2n(n - l), 
I NC’) - 4,q I < A,sF2, (3) 
where A, depends only on n. Theorem 2 will follow from this, once the 
inequalities 
(4) 
have been established. 
It remains to prove (4). The set D consists of all elements of k except the 
n - 1 roots of the discriminant off(x). We need only prove the statement 
If C, = C, , then xn -t x + a belongs to rr. (5) 
FACTORIZATIONS OF POLYNOMIALS 331 
According to Ree’s argument (cf. [5], p. 211) there is, for a in D, a one- 
to-one correspondence between the irreducible factors of P + x + a and 
the double cosets ZTH of (Z, H) in G; here Z = (a}, and His the subgroup 
of G consisting of those automorphisms fixing a specified root 13 off(x). 
Furthermore, in this correspondence, the degree of an irreducible factor is 
the same as the number of left cosets of H contained in the corresponding 
double coset ZTH. The assertion to be proved is thus a group-theoretic 
statement. 
The number of left cosets of H in ZTH is given ([3], p. 15) by the group 
index [+ZT: H n T-~ZT]. It turns out, as needed, that in our situation 
the set of such indices is correctly determined by the cycle structure of u. 
For simplicity, think of G = S, as the group of permutations of the set 
(1, L..., n}, and H as the subgroup consisting of the permutations fixing 
the element 1. For a in D, let u stand for the Frobenius generator u. 
Suppose u = qq *es u, as a product of disjoint cycles, involving all IZ 
symbols, and assume that q is the cycle containing the element 1. For 
1 <j < I, let lj denote the length of the cycle q . Our assertion (S), and 
hence the truth of Theorem 2, is established by the following fact. 
PROPOSITION. (a) For each j, there is an element 7j of S, such that 
[T;‘ZT~: H n TylzTj] = /j . 
(b) If lj = lk for j # k, rj and Tk can be chosen such that the double 
cosets ZTjH and ZT~H are distinct. 
Proof. First consider j = 1. Clearly [Z: H n Z] = I1 , and so we may 
take as TV the identity element of S, . 
Next, suppose j f 1. Let m be a number occurring in the cycle uj , and 
let T j  be the transposition (ImJ. Conjugating by T j  interchanges the cycles 
u1 and uj , and as a result 
[TT’ZT,: H n T~‘ZT~] = lj . 
Finally, suppose j # k and Ii = Ik . Then ZTjH and ZT,H are disjoint, 
for if zlTihl = z2TKh2 then Tjhlh-l = z-~z,T~; this is impossible since the 
right-hand member moves 1 to something in the cycle Tk , while the left- 
hand member moves 1 to something in the cycle Tj . 
The proof of Theorem 2 is now complete. It should be pointed out that 
the argument used needs only that G = S,, , and thus that our result 
describes the factorizations of h(x) + a, with a running through k, where 
h(x)-instead of xn + X- stands for any degree n polynomial which is 
338 PHILIP A. LEONARD 
“general” in the sense of Birch and Swinnerton-Dyer [l]. The present note, 
however, contains no information on the factorizations of polynomials 
whose Galois groups are other than S,, . 
Note added in proof. An independent treatment of these results has been given by 
Stephen D. Cohen; see Acta Arith. 17 (1970), 255-271. 
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